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Abstract 

We introduce an 5-function formulation for the recently found r-th dispersionless modified 
KP and r-th dispersionless Dym hierarchies, giving also a connection of these ^-functions with 
the Orlov functions of the hierarchies. Then, we discuss a reduction scheme for the hierarchies 
that together with the S-function formulation leads to hodograph systems for the associated 
solutions. We consider also the connection of these reductions with those of the dispersionless 
KP hierarchy and with hydrodynamic type systems. In particular, for the 1-component and 2- 
component reduction we derive, for both hierarchies, ample sets of examples of explicit solutions. 

1 Introduction 

Dispersionless integrable hierarchies, which is an active line of research in the theory of inte- 
grable systems, originates from several sources. Let us metion mention here the pioneering work 
of Kodama and Gibbons [111 112] on the dispersionless KP, of Kupershimdt on the dispersionless 
modified KP 16 and the important work of Tsarev on the role of Riemann invariants and hodo- 
graph transformations 7 . Another approach is that of Takasaki and Takabe, |21j . |2Uj and |22| 
which gave the Lax formalism, additional symmetries, twistor formulation of the dispersionless 
KP and dispersionless Toda hierarchies. 

It is also worthwhile mentioning the role of dispersionless systems in topological field theories, 
see |15j and [3] . More recent progress appears in relation with the theory of conformal maps [S] 
and [2Sj, quasiconformal maps and d- formulation ^2], additional symmetries JH] and twistor 
equations ^U] , on hodograph equations for the Boyer-Finley equation [5; and its applications in 
General Relativity, see also |3] . An new and interesting approach is presented in [§] . Finally, we 
remark the contribution on geometrical optics and the dispersionless Veselov-Novikov equation 

Recently, a new Poisson bracket and associated Lie algebra splitting was presented in 
to construct new dispersionless integrable hierarchies, as the r-th modified dispersionless KP 
hierarchy (r-dmKP) and the r-th dispersionless Dym hierarchy (r-dDym), and latter on, see 
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[2], the theory was further extended. Moreover, we studied in ^7] the factorization of canonical 
transformations in these Poisson algebras to get a new hierarchy, the r-th dispersionless Toda (r- 
dToda) hierarchy which contains the r-dmKP and r-dDym hierarchies as particular cases. For 
this new hierarchy we found additional symmetries and a new Miura map among the r-dmKP 
and the r-dDym hierarchies. 

In this paper we extend our results on the theory of reductions of the dispersionless KP 
(dKP) hierarchy jlSj and of the Whitham hierarchies [Oj, to the r-dmKP and r-dDym hierarchies 
introduced in The keystone is the 5"-function formulation of the integrable hierarchies and 
a reduction scheme that leads to hodograph systems characterizing solutions. 

The layout of the paper is as follows. In §2 we briefly present the r-dmKP and r-dDym 
hierarchies. Then, in §3 we discuss the S functions for these hierarchies, firstly we present 
the 5-functions as potentials of the hierarchies, then we analyze their relation with the Orlov 
functions we introduced for these hierarchies in and finally we reformulate the integrable 
hierarchies in terms of S'-functions. To end, in §4, we extend our results on the dKP and 
Whitham hierarchies to the r-dmKP and r-dDym hierarchies. For each hierarchy we discuss 
the reductions scheme, the associated hydrodynamic type systems, hodograph systems and 
explicit examples of solutions for the 1-component and 2-component reductions. 

We must underline that the additional symmetries found in ^2] may be applied to the 
described solutions getting in this manner even more general sets of solutions. 



2 The integrable hierarchies 

The hierarchies we shall consider in this article were introduced in within the Lax formalism 
as follows. The setting needs of the Lie algebra g of Laurent series H(p,x) := Ylnez u n{x)p n 
in the variable p S C with coefficients depending on the variable with Lie commutator 

given by the following Poisson bracket 

We shall use the following triangular type splitting of g into Lie subalgebras 

= 0>©0i-r©0< (2) 

where 

:= C{u n (x)p n } n ^ {1 _ r) , Qi- r : = C{u(x)p 1 ~ r }, 
and therefore fulfil the following property 

{0^,01-r} = 0^- 

2.1 The r-th dispersionless modified KP hierarchy 

If we define the Lie subalgebra gj> as 

9> '■= Ql-r © 0> 
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we have the direct sum decomposition of the Lie algebra g given by 

= 0<©0>, (3) 
and the associated resolution of the identity into projectors 

1 = P > + P < . 

Given a Lax function L of the form 

L = p + u (x) + ui(x)p~ 1 + U2(x)p' 2 H , p — > oo, (4) 

we introduce 

n n :=P^L n+1 - r , n = l,2,.... (5) 
The r-dmKP hierachy is the following set of Lax equations 

— = {n n ,L}, n=l,2,..., (6) 

where we have introduced an infinite set of time variables {t n }^ =1 . One easily deduce that the 
first equations of this hierarchies are 

u ,ti = (2 - r)ui iX + (2 - r)(l - r)u u , x , 

ui,h = (2 - r)u 2 , x + (2 - r)(l - r)u ui, x + (2 - r)uiu ,x, (7) 
«o,t 2 = (3 - r)u 2)X + (3 - r)(2 - r)(u «i ja; + u 0jX «i) + -(3 - r)(2 - r)(l - r)uoU 0jX . 

This system, once ui and ii 2 are expressed in terms of iio leads to the r-dmKP equation for 
u := uq 

U ^ = 4^2( d * lu )titi + (3 ~2- r ~ r) Md^u) tl + r -^^-uu tl - (3 ~ r) 2 (1 ~ r) u 2 u x . (8) 

2.2 The r-th dispersionless Dym hierarchy 

We now take the Lie subalgebra 0^ as 

0<; := 0i-r © 0< 

and consider 

= 0>©0<, (9) 
and the corresponding resolution of the identity into projectors 

1 = P> + P^. 

Given the Lax function L as follows 

L = vp + vq(x) + vi(x)p~ 1 H , p^oo, (10) 



we introduce 

Cl n := P>L n+1 ' r , n = l,2,... (11) 
The r-dDym hierarchy is defined by 

dL 

— = {n n ,L}, n = l,2,.... (12) 

The first equations of this hierarchy are 

vt! = (2 - r)v 2 ~ r v 0iX , 
v ,t 1 =(2-r)v 1 - r (vv 1 ) x , (13) 
v t2 = (3 - r)v 2 ~ r (vvi) x + (3 - r)(2 - r)v 2_r ?;ofo, a: . 

Eliminating and i>i in terms of u we obtain the r-dDym equation 

«h = (I^^^^^V))^- (14) 

3 The ^-functions for the r-dmKP and r-dDym hi- 
erarchies 

In this section we shall consider the relation © as a univalent map p i— > L = L(p) , we shall also 
use its inverse L i— ► p = We use the notation £ := (ti 3 12> ■ ■ ■ )■ 

3.1 The S'-function as a potential 

We introduce potential functions, S(L,x,t) and S(L,x,t), for 

u n (L, x, t) := Q n (p(L, x, t), x, t) and u} n (L, x, t) := Cl n (p(L, x, t),x, t). 
First, we show that 

Proposition 1. The following identities 

dm n _ d<jj m dio n _ _ r dp 

dt m dt n ' dx P dt n 

doj n _ du m duj n _ _ r dp 

dt m dt n ' dx P dt n 

hold. 

Proof. Let us compute the i m -derivative of oj n '- 

du) n d£l n (p(L,x,t),x,t) dft n , x n dp , r . dQ n , , r 

= ml = ^M£,M),M)^(£,M) + _ W l,mW) 

and of 

p = p(L(p,x,t),x,t) 



to get 



dp dp dL dp rn r . r dp / dVL m dL dQ m dL\ r {dQ, m dp 80, 

-{Q m ,L} = -p = p + 



dt m dL dt m dL ' dL \ dp dx dx dp / V dp dx dx 

Thus, we deduce 

dLj n r /dO, n dO, m dp dO n dQ m \ dfl n 

P -Ti o n + -7i 7T- + 



dt m V dp dp dx dp dx ) dt m 
and 

du} n _ du} m _ i, _ dVL m _ 
dt dt -\ n ^ l mi+ q. g . -u 

as n has zero curvature. Observe that 

_ r dp dO n dp d£l n dio n 
^ dt n dp dx dx dx 

The proof for the remaining cases is performed as above. 

□ 

Therefore, we have proven the local existence of functions S(L, x, t) and S(L, x, t) such that 
dS dS dS dS 

W~ Wn ' dx~~ r ' 9T~ Wn ' ~dx~~ r ( ' 

where 

IT := <h -r' ^ ' (16) 
[logp, r = 1. 

r dn r 
p — — = 1. 

dp 

We refer to functions satisfying the above equations (|T5|) as S"-functions. 

3.2 The 5- functions and its connection with the Orlov functions 

The so called Orlov functions M and M are characterized by the following properties 
1. They have an expansion of the form 

M = h (3 - r)t 2 L 2 + (2 - r)hL + x + wi(x)L~ l + w 2 {x)L~ 2 H , L -> oo, 

M = h (3 — r)i 2 £ 2 + (2 - r)tiL + w (x) + wi^L' 1 + w 2 (x)L~ 2 H , L -> oo. 



Notice that 



(17) 



Observe that when r = 1 then wq = x. 
2. They are canonically conjugated to L and L, respectively; i.e., 



{L, M} = U and {L, M} = L r . (18) 
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3. Satisfy the Lax equations 



dM , , dM ~ ~ 

{fl n , M}, — = {n n ,M}. (19) 



dt n ' ' dt n 

For r 7^ 1 weshall show that the following functions 

OO -. 

S(L, x, t) = ■ ■ ■ + t 2 L 3 ~ r + t!L 2 ~ r + — ^ — L l ~ T + V S n (x, t)L- n+1 - r , S n := w n (x, t) 

I _ r /-^ _ n _)_ \ _ r 

71=1 

(20) 

OO 

S(L,x,i) = ■■■+t 2 L 3 - r + t 1 L 2 ~ r + y S n (x, t)L~ n+1 - r , S n : = w n (x,t) (21) 

— n + 1 — r 

n=0 

are S-functions. For r = 1 these functions are 



S(L,x,t) = ■■■ + t 2 L 2 + t 1 L + xlogL + y]S n (x,t)L n , S n := --w n (x,t), 

z — ' n 

71=1 

S(L,x,t) = ■■■ + t 2 L 2 + t 1 L + xlogL + VS n (x,t)L _n , S n := w n (x,t). 



n 

n=l 

The role of 5 and 5 as a generating functions is encoded in the following formulae 

Proposition 2. The functions S(L,x,t) and S(L,x,t) given by (|20|) and (|21j) are S-functions; 
i.e., 

dS_ dS_ _ 

ax ax (22) 

55 dS y ' 

7T = Wn, ^T =a; n, n = l,2, .... 

dt n ot n 



Proof. Let us prove that 



Observe that according to (|17j) 



55 „ 

ox 



dM _dMdL ^dw nL _ n 
dx dL dx ' <9x 

71=1 

Thus, assuming that p,L £ C and taking a small circle 7 centered at L = in the complex 
L-plane we have, 

dw m = f dL( L m-i9M_ L m-i9M9L\ 
dx J 7 27ri V <9x <9L <9x / 

= / — L m ~ x {M x L v - L x M p ) change of variables L = L(p) 

J 7 27ri 

and M L L p = M p 

^P_ L m-l+r p -r in virtue q{ ^ 

2tti 
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For r/lwe have 



—-(—m + 1 — r) / — -L m ~ 1+r ~ 1 L p - integration by parts 



dx 7 7 27ri 1 — r 

\1-T 



f dL p(Zi) T 

=(— m + 1 — r) / jjn-i+r-i change of variables p = p(L). 

J 7 27ri 1 - r 

In the space C of Laurent series in L we have a resolution of the identity i£ = w> + w < , 
associated with the splitting in powers of L of greater or equal degree than 1 — r, say £>, and 
or less order, £< 



m<l — r T 



we get 



dS(L,X,t) L l ~ r , ^ 1 , ^r-n+l-r 



<9x 



L 1 "' , ^ / f dL m _ x p{L) x '' 



--, V —-, w n . x (x, t)L 

I — r z — ' — n + 1 — r 

n=l 

L l - r 

1 -r + 4^ 

:(! 



i<l— r T 



2tt\ 1 — r 



For r = 1 we have 



y r 1 r 1 r 

<9w m /" dlogn m 



<9x L 27ri 

that together with the assumption, suggested by (j3J), 

,2 



logp = logL-A, A = n L 1 + (ui + ^)L" 2 + 



allows us to deduce the relations 



dw m f dL , m _ 1 f dL 



L 



dx /„, 2-7ri 27ri 



Notice that the first term in the r.h.s cancels as m > 1, then an integration by parts of the 
second term in the r.h.s leads to 



dw r . 



dx 

Hence, we compute 

dS(L x,t) =logL _f- ± Wm , x ( x ,t)L-™ 
ox ^-^ m 

m=l 



m<0 J ~f 
log L — A = log p. 
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dS 

Let us prove the relation — — = uj n . Observe that, according to (|2*U)l we have 

ot n 

_ jji+i~r i 1 dw m ^_ m+1 _ r 

dt n -m + 1 - r dt n 

now, from (|T7|) we deduce 



' )}[ /a/ ^ + (n+l-r)L«+f;^L-. (23) 



dt n dL dt n ^ dt n 



Thus 



^ m _ /■ dL f^dM _ L m-idMdL\ from ^ 



<9i n j 7 27ri V dt n dL dt n . 

= f ^ ( L m ~ 1 {Q n , M} - L m-1 ^^-{fi n , L}) , derived from © and <[!D 

J 7 27ri V aL / 

= / 2^ { Lm ' l P r ^n, P M x - Q n , x M p ) 

- L m ~ l ^-p r {Vt n)P L x - Q n , x L p )^ see © 

= / —^-L Tn ~ 1 p r VL np (M x Lp — L X M„) change of variables L = L(p) 

./- 27ri 

and M^Lp = M p 

= f ^ L m-l+r n in yirtue of m» 

y 7 2?ri 

=(— m + 1 — r) / -^-L m_1+r_1 L„il n integration by parts 

J 7 27T1 

={—m + 1 — r) / L m ~ 1+r-1 u; n change of variables p = p(L) 

U 27T1 



and therefore 

dS 



m<l-r J ' 



at 

m<l- 
Now, 

/ ^ L -™-l^ n= /" ^L L -m-l^ L n+l-r _ p<L n+l-r ) = _ f dL L - m -l p <L n+l-r 
J-, 27T1 J 7 27T1 J 7 27T1 

asm/n + 1- r for m < 1 — r. So that 

^ = UJn + P < (L n+1 - r )- (/ ^L- m - 1 P<(X" +1 - r ))^ m , 

m<l— r T 

but 

d^v „ T ™ x > / f dL 



p < (L n+1 - r ) = E ( / ^:L- m - l P < {L n+1 - r ))L m = J2 ( / |^~ m ~ 1 J P<(£" +1 ~ r ))£ 



m<l— r T 



dS p 1 ~ r 

and the result follows. For r ^ 1, let us prove that — — = ; equations (11711 imply 

ox 1 — r 



dM _dMdl y> dw n ^_ n 
dx dL dx dx 

n=0 



and hence 
dw„ 



dx 



L 



dLf Lm . 1 dM_ im _ 1 dMdL 
27ri V dx dL dx 

^L m -\M x L p -L x M p ) 



jyn—l+r —r 

2vri V 
v 'A. 2vri p 1 - r 



= (_ m + l_ r ) / ^±lm-i+r-ir 

1 1 2vri 1-r 



4-r 



change of variables L = L(p) 
and M^Lp = M p 
in virtue of (|18|) 

integration by parts 
change of variables p = p(L). 



We now proceed computing 



dS(L,x,t) 
dx 



Y"! — j W n x(x, t)L~ 

^— ' — n + 1 — r 



-n+l— r 



n=0 



dL ~ 



^ V / 2vri 1 



l-r 



%<l-r T 



l-r 



noting that £ g< we get the desired result. For r = 1 we have 

1 — r ~~ 



dw m 
dx 



dlog_p^r r 
2vri 



assuming, as suggested by pUjl. that 



logp = logL-A, A:=logw + ^L 1+ ( w i + ^)^~ 2 + 



we have 



dw m 
dx 



fm-l 

2vri 



7 27ri 



2vri L 



m > 1. 



Thus, we calculate 



m=l 

log L — A = log p 
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OS 

To check the formula — — = u n , we procede in a similar way. Equation (1211) implies that 
ot n 

dS I dw m ~ m _|_i_ r 



— = l n+1 ~ r + V 
dt n m + i 



m=0 

now, from (fTTj) we deduce 



r 



Of, 



d_M = d_MdL ~ ^ du^ 

m=U 

As for the r-dmKP case we have the following chain of observations 

d ™ m - ! ^(~ L m^_M _ £m -idMdL\ from m 



2-k\ V dt n dL dt n ' ' 

= / (Z^^M} - Z m - 1 ^{fi n ,Z}Y derived from ® and CH) 

J 7 27ri V dL > 

= / ^^L m ~ 1 p r & niP (M x Lp — L x M p ) change of variables Z = Z(p) 
J 7 27ri 

= {—m + 1 — r) /" — ^-Z m_1+r ~ 1 L p il n integration by parts 
J 7 27ri 

={—m + 1 — r) I L m ~ 1+r ~ 1 £l n change of variables p = p(L) 

J 2ni 



that lead to 

dS 
Of 

Also we have 



m<l— r ' 



— Z- m -^ n = / —L-™- 1 ^ 1 - 1 - - P<L n+1 - r ) = - [ —L- m - 1 P < L n+1 - r 
2tt\ .L 2tt\ ~ .L 2tt\ 



asm^n + l — r for m < 1 — r. Therefore, 

n n + p<(i n+1 - r )- ^2 (y ^Z- m - 1 p<(Z" +1 - r ))Z m , 



dS 
dt n 



2<l-r T 

and from 



p<(Z n+i ~ r ) = X) ( / ^z- m - i p<(Z n+i - r ))z m = X) ( / ^z- m - i p<(Z n+i - r ))z m 

ra€Z T m<l— r T 

we arrive to the claimed result. □ 
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3.3 The S'-function formulation of the integrable hierarchies 

Here we show that the integrable hierarchies can be formulated in terms of functions. This 
is a key observation for the reduction procedure that we shall present in the next section. 

Proposition 3. Let L and L be functions with expansions as given in @ and (jlUj) . respectively, 
andU r as defined in (|16|) . Let S(L,x,t) and S(L,x,t) be S-functions; i.e. 

dS „ dS „ 

ox ox 

fr^ 1 -). lr^" +I -">- - 

Then, L and L do satisfy the r-dmKP and r-dDym hierarchies © and Q12|). respectively; i.e., 

FIT Flf 

— = {P>(L n ^- r ),L}, — = {P^L^-^L}. 

Proof. From S x = U r we deduce 
dp d 2 S 

W =pT dt dx = -P r (^™(^( L ' a; '*)' x '*))2; = P r {^n, P Px + &x)- 

Thus, 

~dt~ = ~~dp~dt~ = ~ V^n,pPx + ^x) = P r {~ Qn,pL x + Qx.Lp) = {S^r! , L} , 

as claimed. The statement for the r-dDym hierarchy follows analogously. □ 



4 Reductions 

The reductions we consider here are motivated by the reductions we studied in ^H] of the 
dispersionless KP hierarchy. We assume that the t-dependence appears always in terms of 
U = (Ui, . . . ,Un), a set of N functions of t and x. This dependence is defined trough the 
following equations for the function p = p(L, U) or p = p(L, U) 

-^ = Ri(p,U), i = l,...,N, (25) 

which in terms of the Lax functions are 

fit fit 

^ u - + R i (p,U)^- = 0, i = l,...,N, (26) 
dL dL 

— + itl{p , U) - = , i = l,...,JV. (27) 

We shall assume that the compatibility conditions for (|25|) are fulfilled; i.e. both sets of 
functions {Ri}^ and {Ri}f =1 fulfill 

dRi dRj n dRi n dRj , . 

— — - — — — — -|- Rj——— — Ri~?^~ = 0- (28) 
dUj dUi 3 dp dp y ' 
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We will also suppose that Ri and Ri, i = 1, . . . ,N, are rational functions with N simple 
poles, -Ki = 7Tj(£7) and 7fj = TTi(U) i = 1, . . . , N, respectively. Recalling the expansions (@J and 
(fTUl) and taking into account formulae (|26j) and (|2T|) . we request to Ri to be of order O(l) when 
p — > oo and Ri of order 0{p) when p —* oo. Hence, our functions R will be of the form 

The asymptotic behaviors for p — > oo are 

Ri = Ri,o + Ri,w~ l + #;,2P~ 2 + • • • , 
Ri = Ri,oP + + Rz^ 1 + ■■■ , 
were we have used the following notation 

N N 
Ri,n ■ — ^ Pij^j ' Ri,n ■ — ^ Pij^j ■ 

i=i j=i 
The equation (|26|) together with (J29|) . in the r-dmKP hierarchy case, imply 

du _ 
oUi 

dUl - R 

dul (31) 

= —Ri,2 + RiflUl, 

OUi 



Observe that all the coefficients u n are expressed recursively in terms of the functions {^kiPik} 
defining The equation 1)27(1 together with (|3(J|) . in the r-dDym hierarchy case, leads to 

<9u - 

m = 

dv ~ 
— = -Ri,iv, 

9Ui (32) 

= ~Ri,2V + RifiVl, 

oUi 



Observe that all the coefficients v and v n are expressed recursively in terms of the functions 
vrfc, Pik} defining Ri. 

4.1 On the compatibility conditions 

We now discuss the compatibility conditions for (|28|) . 
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r-dDym The compatibility equations for (|28|) with the choice (|3U|) are 



j ' k^l 



- \ ^ . 

PU~arT - Pjl-afT. = ^ ^ ni 



dUj 8Ui TT k -TTl 

dpu dpji n sr^ PikPji - PuPjk 



du i du i t£ (*i-K k ) 2 



From equations (j33a|) and ()33b|) we deduce 

Proposition 4. There exist a pair of potentials a and p such that 

5 dp „da 

Proof. Firstly, we observe that 

dRifl dRjfl _ ^ id pa dpji \ _ PikPji - PuPjk - ~ 

am dUi ~2^\au dUi)~ ^ (^-7T fc ) 2 7r * 7ri 

5 Z=l 1 1=1,.. .,N y ' 

k^l 

Secondly, we evaluate 

— - ^-0^,1 - [-^j- - Ri, R jt i) - ^ [W<P3i ~ PuPJk) {j~—^2 - 

1 l=l,...,N v ; 



(PikPji - PilPjk)^k^l{^k + TTj) 



l=l,...,N 
k^l 



The stated result is a direct consequence of these two equations. 
r-dmKP The compatibility equations (|28|) for (|29|) are 



57T Z 6»7r ; x - PikPji ~ PilPjk 

dUj dUi j-^ vr fc - TTi 

dpu dpji _ \ - pikPji - pupjk 



dU j dU i ZZl ~ ^k) 



\ - PikPji ~ PilPjk , 
k^l 



As in Proposition |I] we can show that 
Proposition 5. There exist a potential p such that 

dUi 
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The following Proposition shows a connection between the compatibility conditions for the 
r-dDym and r-dmKP equations. Further, it also shows a connection among these and the 
compatibility conditions 



rd du 3 - J dUi ~ 2g Pk - Pl ' (38a) 

dru d rj i _ r jirik - r u r jk 



for similar reductions of the dispersionless KP hierarchy, that we discussed in some length in 

m 



Proposition 6. 1. If 7^ and pij solves the compatibility conditions (|33a|) and (|33b|) then 

7Ti = e CT TT i} Pij = e a PijTTj (39) 



solves the compatibility conditions (|36a|) and (|36b|) . Moreover, we may take as the potential 
p the following function 

p = e*p. 

2. If Hi and p^ solves the compatibility conditions Q36a|) and l)36b|) then 

Pi = TTi+ p, Vij = PijTTj (40) 

solves the compatibility conditions ()38a|) and (|38b|) , 
Proof. 1. With the expressions ()39|) and the formulae (|33aj) and (|33b|) we evaluate 

= e 2<J y^iPikPji - PuPjk)tf ( _ ^ _ + 1 

' — V7Ti, — 7T; 



e 2(T ^(PikPji ~ PuPjk)^k^i- 



E 



<9piZ dpji s ( dpu dpji ~ _ - 9^ „ affj \ 



e °" y2(PikPjl - PilPjk) (jt 



asr^ ( ~ ~ ~ ~ s~ ~ ^fc + Trz 
e > APikPjl - PuPjk)^k^ijz TTf 

EPiZcPjZ - PilPjk f , s 
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and as claimed we have gotten ()36a|) and (|36b|) . 
From we get 



i.e., 

_ g / dp , - ^ct \ = d(e CT p) 
d£/j \dUi P dUj dUi ' 

2. We now use (|^U|) together with (|36aj) and (|36b|) to get 

dpi dpi / d-Ki diri \ 

ril du 3 ~ rjl m = v a w 3 ~ Pjl mr l ~ PilRjfi + PjlRi '° 

= y^iPikPjl - PilPjk)n[ — 1" 1 



= y^iPikPjl - PilPjk)^k^l 

* — ' TTh — TTl 

k^l K 1 

_ \ ^ r ik r jl ~ r il r jk 

dr a _ chy _ /dpu _ dpji\ chj_ _ drn 

dUj dUi ~ v dUj dUi ) n + pil dUj Pjl dUi 

E, \ ( '(^k + KljlTl TTl 
[PikPjl ~ PilPjk) ( 7 y> H 

= ^^^(pikPji - puPjkWkn-, — - — Nf 
k+i ^ 7Tk 1X1 ' 



'ik'jl Til'Tjk 



k+l ^l-Vkf 



The inverse statement also holds. 



□ 



Proposition 7. 1. Let 7Tj, pij be solutions of ()36aj) and l)36b|) . then there exists a potential 
function a such that 

a~ N 

_ _ EiL 

8Ui ~ ^ TTl' 

1 1=1 1 

Moreover, 

7Tj e 7Tj, Pij , 

provides us with solutions to ()33a|) and (|33bj) . 
2. Letpi,rij solutions ()38a|) and l)38b|) then there exists a potential function p such that 

dp _ r u 
dUi~f^p-pi' 
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Moreover, 

*i -=Pj-p, Pij ■-- . 

Pj P 

solves the equations (|36a|) and (|36b|) . 
Proof. 1. Let us evaluate 



E/ v / TTfc + VT/ 7T fc - 7T; 



^ (717 - vr fc ) 2 
l=l,...,JV v ; 

So that, locally, the existence of the mentioned potential holds, and the relation (j3HJ) allows 
us to identify it with a. Moreover, the identities 

PikPjl — PilPjk 25-V^/~ - ~ ~ \~ Kl 



EPikPjl ~ PilHjk 25-V^/~ ~ ~ ~ \~ - 

— ^ = e / APikPji - puPjkjKkm- 

k# ft 

EPikPjl ~ PilPjk ( . s ~ ~ ~ n~ ~ n k +TTl 

imply our statements. 
2. The compatibility conditions for 

a N 

op _ \ - rj; 

9Ui ~^P-Pi 

ares precisely the equations (|38aj) and l|38b|) . see jTH]. 
Now, the remaining results follow from the equations 

dpi dpi ( Otti d-Ki \ 

ra du 3 ~ = { pu du, ~ p ^dv l r i ~ PilRj >° + PjlE4 >° 



Ei ik< jl — 1 iU jk v~V \ / "i , -, 
= y.{pikPji - pupjkm + 1 

k+i Px-P 1 U Wfc "^ 

drg _ dry, = / dpg _ dp£\ chn_ _ chn_ 

dUj dUi ~ v di/j dUi ) n + pu dUj pjl dUi 

rikTji - nir jk _ s-^ / (ir k + 7ri)7r/ 717 



n sr^ 1 ik' jl — 1 a' jk sr^, s f \nk^- 'Hrn . 



□ 
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The relations (J2U), ©, (GHJ) and (JSHJ) allow us to take 



u = p. 

and 

v = exp(cr), 
u = yoexp(a). 

Diagonal reductions appear when p$j = pi5ij and pij = pi5ij then 

R - PPi R - 



and (I36al) and (I36al) become 



--- =2 7Ti, (41a) 



while (I33al) and (I33bl) read 



2 (7ri+7Ti). (41b) 
*l (42a) 



diTj _ Pj 

8Uj 7Tj — 7Tj 1 ' 

§- = - 2f *4w, (42b) 
4.2 Reductions for the r-dmKP hierarchy 

Here we shall consider the reduction (|2fij) for Ri as in (j29|h We also consider functions s< £ g< 
satisfying 

cm oUi ' p — p 7 - 

where we suppose that the compatibility conditions for (|43[) 

dfi dfi v^/ sf , K k \fi-f k 



pil 



hold. If we deal with a diagonal reduction of the type p^ = pi5ij the above compatibility 
conditions become 

«__a_( r+ j_) (,,_,,). (44) 

Then, we have 
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Proposition 8. Let s < (p,U) £ g< be a function satisfying Q43|) and define 

oo 

s>(p,U,t) := ^2t n n n (p,U) G g>, 



n=l 



s(p,U,x,t) := s>(p,U,t) + U r (p)x + s<(p, 17). 
Suppose that U = U(x, t) is determined by the following s hodograph system 

tn-Q^fciU), U) + xKi{U)- r + 7r i (Ur r f i (U) = 0, i = l,...,N. 

71=1 



Then, 

is an S-function. 
Proof. As we have 



S(L, x, t) := s(p{L, U), U, x, t) 



dS _ ^ ds(p(L,U),U,x,t) 
i=i 



— - n V 

dx r ^ 



N 



ds(p(L,U),U,x,t) 



dUi 



the stated result follows from the identity 

ds(p(L,U),U,x,t) 



U=U(t) 



0, 



U=U(t) 

dUi 
dx ' 



m 

dt n 



dUi u=u(t) 
that we shall show to hold. For this aim we first observe that 

ds(p(L,U),U ,x,t) ds ds 
dUi = dp~ i + dUi 



(45) 



(46) 



Then, multiplying Q43JI by Yii=i ip ~ Pl)> recalling that s < is regular at p = 7Tj, and taking the 
limit p — > 7Tj we get 

<9s< 



dp 



P=7T, 



which together with (|43|) implies 



<9s 



0. 



(47) 



P=7Tj 



Now, observing 



ds(p(L,U),U,x,t) 
dUi 



} Jn Vxp Ri + 



n=l 



3lA 
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and recalling 

u n (L, U) := Q n (p(L, U), U) = L n+1 ~ r - P < (L™+ 1 ^) € 0<J 

Ri = 0(l), p -> oo => p~ r Ri G 0<, 

we conclude 

ds(p(L,U),U,t) 

^ G0< ' 

that, when applied to equation (|46 j) . gives 

ds(p(L,U),U,x,t) p fds_ R \ + ds < 



dUi ^\dp 7 0L/; 

Let us introduce a function E = i£(p, C/) G g> such that 



for example we may take 

a TP N 

dp r-f ' A J: VTj - 7Tj 

1=1 J^l 

Then, denoting s> := s> + IL-x, 



\op J \ op J \ op 
In the one hand we notice that from (|47l) and (|45|) we have 

N 



d{s> + E) -rffr. A, 
^ =p ^ll(P-Pi)J(«o + aiPH 



i=l 

and hence 



=- i?i =p 1 ~ r (ao + aiP + ---)^^'( II (P-K) e S>' 

" — 1 \ 7 — 1 AT ' 



3=1 x l=l,...,N 

so that 

In the other hand, we formula 

Op J Op 

which follows from Ri = 0(1) when p —* oo and — — G a<, and we have the relation 

op 



V ax> / ^— f p — p ? - 

7 = 1 J 
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Therefore, 

p< (^=^*0 = ^ - ^ r E — ■ 

\ op J op ^-^ p — Pi 

3=1 

Coming back to l|15|) we get 

ds(p(L,U),U,x,t) _ ds < <9s< i- r \^ Pijfj 



which vanishes in virtue of (|43|) . □ 

4.3 Hydrodynamic type systems and the r-dmKP hierarchy 

Here we will briefly discuss how the reduction scheme derived from (|26[) is associated with 
hydrodynamic type systems. First, we remark that, assuming L to be regular at the points 
p = 7Tf, i = 1, . . . ,N, we have 

— 

so that © implies 



9i n "'^ ' J 3x 

where 

r — t\ n — ^^n 



/J=7r ., • -t ^ 



Thus, if we define the following matrices 

D n := diag( J D ln , . . .,D Nn ), I ■= (%), := 
we have the following hydrodynamic type system 

dU . , TT ,dU 

Let us study in more detail the ii-flow, as we know 

Oi = P 2 - T + (2 - r)u p l - r 

so that 

<9L , . // . . N dL dundL\ , . 

_ = (2-r)(( P +(l-r)»„)^-r^) (50) 

that implies 

^. (2 _ r)( ^ + (1 _ r) ^ + „^), „,„, 

which we may think of as an r-modified Benney moment equations — recall that in the dis- 
persionless KP hierarchy the first non-trivial flow comprimiese precisely the Benney moment 
equations — . 
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If we define 

A n := p r ^ => Aa = (2 - r)(p + (1 - r)u ) 

we may write 

A n = A n (ii), Ai := YZ~ r ~ (! - r H 

which is equivalent to the Kodama-Gibbons formula for the dispersionless KP equation |12j . 
The relevance of the r-modified Benney equations also appears in relation with the reduction 
(|26|) . If we introduce the reduction in (|5U|) we get 



3=1 x 4=1 J ' 

8U- 

and assuming the linear independence of j = 1, . . . , N, we have 

ox 

3=1 

4.4 Examples of hodograph solutions of the r-dmKP hierarchy 

We analyze here some solutions derived, from Proposition |HJ of the r-dmKP system (JJJ) - 
which implies the r-dmKP equation (jHj) — . As we are interested in (JJJ) we shall set t n = for 
n = 3, 4, . . . . For the O's we have 

fii = p 2 - r + (2-r)u p 1 ~ r , 

ft 2 = p 3 ~ r + (3 - r)nop 2 ~ r + (3 - r) (m + ^I«^ p l-r 
4.4.1 1-component reduction 

For N = 1 there are no compatibility conditions to fulfill and therefore we may take 

Ri = ^7777, U = U 1 . 



Equations (|31j) are 



<9m , au x <9-u 2 2 



(7 /-C7 /■£/ r s 

2, 



so that we may take 

uq = U, ui = J 7Ti(s)ds, U2 = J iTi(s) 2 ds — J (J 7i"i (s')ds')ds. (51) 
In this situation s> is 

s> = (f-r + (3 - r)nop 2 " r + (3 - r) ( Ul + IzL^p 1 ^^ + ( P 2 ~ r + (2 - r)uoP 1_r )tl + U r x. 
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Therefore, the hodograph condition (|45|) is 

(3 - r) U\ + (2 - r)u 7ri + (1 - r) fui + -^u^ ) ) *2 + (2 - r)(iri + (1 - r)u )ti + x + /(£/) = 



2 

where / is an arbitrary function. If we now introduce formulae 1)51(1 we get the following 

Proposition 9. Given two arbitrary functions tti(U), f(U), and a function U(x,t\,t2) deter- 
mined by the hodograph equation 

(3 - r){jvi(U) 2 + (2 - r)U^{U) + (1 - r)( J ir^ds + ^y^ 2 ))*2 

+ (2 - r)(7ri(f/) + (1 - r)C/)ii + x + /([/) = 0. (52) 

/U rU (-V f-s 

7ri(s)ds, U2 = 7ri(s) 2 ds— / / 7ri (s^ds'ds. (53) 

solves the r-dmKP system (J7J). 

While this is a consequence of Proposition |S] the following direct proof is available. 

Proof. If we request to uo, u\ and 112 as in ()51j) to solve the system of PDE's (0) then U(x, t\, i 2 ) 
satisfy 



^ = (2-r)(7n(t0 + (l-r)L0, 



(3-r)(7r 1 (C/) 2 + (2-r)^ 1 (C/) + (l-r)( / 7Ti(s)ds + -g"^ 



C4 

But, taking x, t\ and i 2 derivatives in 1)52(1 we get 



(54) 



(/'(CO + B'(E0i a + ^(C/)ti)C4 + 1 = 0, 
(/'(C/) + S'(C/)i 2 + A'(C/)t 1 )C7 tl + A(tf) = 0, 
(/'(CO + S'(C/)t 2 + A'(C/)ti)C/ t2 + B(C7) = 0, 



where 

,4:= (2-r)(7ri(C/) + (l-r)C/), 



5 := (3 - r) ^i(C/) 2 + (2 - r)Um(U) + {l-r)^J vn(s)ds + ^^^ 2 ) 

which imply (|54() . Thus, solutions C/(x,ti,i 2 ) of ((o^|) provide us with solutions to (J7J). □ 

A simple solution appears with the choice tt\ = kU, f := 0. Observe that we are dealing, as 
follows from (|26|). with the following reduction 



L 



' p e u P 1 k = 1, 

^p (1 + (1 - tyUp" 1 ) 1 ^ , k^l. 

22 



If this is the case we get 
with 



A = aU B:= (5U 2 



a := (2 - r)(k + 1 - r), := (3 - r) (V + (5 - 3r)A: 
and the corresponding solution, for (3 ^ 0, is 



(l-r)(2-r) 



There are two particular values for k 

1 — r 



k = -(2-r), 

such that 



(2 — f)(l — r) 

f3 = and a = — (2 — r) and , respectively. 



In this case we get two simple t2" mv ariant solutions 

x 



uo = < 



for k = r — 2, 



(2-r)ti 

for k = (r - l)/2. 



l(l-r)(2-r)ti 

For example, if in instead of / = we set / = U 3 we get the solution 

3a*i - /3 2 i| /3t 2 

u = U = g — 

9g 3 

where g is defined by 



5 := -y -108x + 36a/?M 2 - 8/^t 2 , + 12^81x2 + \2aH\ - Mafixt^ + 12/3%t| - ?,a 2 (5H\t\ 
For (3 = we get the following ^-independent solution 



u = U = S-^jpS wh ere 5 := ^y-108x + UyJ^lx 2 + 12a 3 tf for a = -(2 -r),^ — ^ — — . 
4.4.2 2-component reduction 



We shall work with the diagonal reduction given by (|41aj) and ()41b|) . We may take the following 
solution for N = 2: 

t/i - U 2 1 

TTl = -7T 2 = , Pl=p2 = ~-- 



The linear system (j44p for /i,/2 becomes 

dfi df 2 2r - 1 



dU 2 dU x 2{U X - U 2 ) 
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(/1-/2), (56) 



which is equivalent to 



with 



d 2 $ 



fi 



dU l dU 2 + 2(Ui - U 2 ) ^dUi dU 2 



h 



~ dUi Ji dU 2 
2r - 1 / d$ <9$ 



0. 



The method of separation of variables leads to the following solutions, expressed in terms of the 
Bessel and Neumann functions J_ r , iV_ r (the Neumann function is also known as the Weber 
function Y^ r ), for a similar result for the dKP hierarchy see |18| : 

$ = (£/!- U 2 ) r {AJ^.{k(U l - U 2 )) + BN- r (k(U 1 - U 2 ))) (Ccos(fc(C/i + U 2 )) + Dsin(fc(Z7i + U 2 ))) 
and also 



f {A + B(C/! - f/ 2 ) 2r )(C + D(U! + U 2 )), r ± 0, 
\ (A + B \og(U x - U 2 )){C + D(Ui + U 2 )) r = 0. 



From 



<9ito 1 
= 2' 
du\ 1 

^ = 2 (7r ^ Ul) ' 



for i = 1, 2, we get 



From the formulae 



u 



U-l + U 2 



Ul 
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u 2 = 0. 



7T,? + 



(2 - r)n vTi + (1 - r) + li^J 



2-r 



v (l-r)[/2 + _ [7 2 +[/+[/ _ 



where 



7Tt + (1 - r)n 



we deduce the following hodograph system 



(3-r)(2-r) 
2 

(3-r)(2-r) 



1, 



£zI((l-r)E^ + il7£-l7 + l7_), / 2. 
(1 - r)U+ + itL., i = l, 
(l-r)*7+-^_, i = 2, 



U X ±U 2 



(1 - r)E^ + -Z7f + £/+?7_Jt 2 + (2 - r)[(l - r)U + + -U-)h + x = h 
((1 - r)V% + \u 2 _ - U+U-)tz + (2 - r)((l - r)C/+ - itT_)ti + x = f 2 



(57) 
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Adding and subtracting the equations of (|57|) we obtain the equivalent system 



(3_ r )(2- r )/ C/£x ( + 



2 v (l-r)C^ + ^Jt 2 + (2-r)(l-r)C/ + t 1 +x- 2 , 

(3 _ r )( 2 _ r )U + U.t 2 + (2 - r)C/_t! = /i - / 2 . 

The simplest solution of 1)56)1 is /i = / 2 = 0; i.e., = 0, in this case there are two possible 
choices 

[/_ = or U+ = — — . 

+ 3 - r t 2 

The first choice imply u\ = U 2 /4 = and uo = to solve the algebraic equation 
(3-r)(2-r)(l-r) ta ^ + (2 _ r)(1 _ r)hU+ + X = Q 

whose solutions are 

U / i? 2x 



2 



«0 = 



(3-r)t 2 \/(3-r) 2 t2 (3 - r )(2 - r)(l - r)t 2 ' 

In fact, for ui = u 2 = the system (0 becomes 

no,*! = (2 - r)(l - r)u uo, x , 

u o,t 2 = ^(3 - r)(2 - r)(l - r)^^^; 

i.e., the dispersionless KdV (ii-flow) and dispersionless modified KdV (t 2 -flow) equations, and 
uq = U+ is a solution of both simultaneously. This solution is a particular case of the already 
studied 1-component solution ([55 j): i.e 7Ti = for k = but this value of /c is not allowed 
as we assume that tt\ ^ 0, therefore the two-component case, with tti = — 7r 2 = (U\ — U 2 )/A, 
provides us with a rigorous alternative track to this solution. 
The second choice 

TJ 1 h 

u = U + = — 

3 - r t 2 

imply 

U 2 _ (1 - r)t\ t\ 1 x 



4 2(3 -r) 2 ^ (3-r)(2-r)t 2 ' 
It is easy to check that this pair uo,ui fulfills the u 2 = reduction of 0, namely 

u ,ti = (2 - r)«i )a! + (2 - r)(l - r)u u ,x, 
ui )tl = (2 - r)(l - r)ttowi,a! + (2 - r)uiu 0tX , 

u 0,t 2 = (3 - r)(2 - r)(u Wl,a: + «0,xWl) + ~ r )( 2 ~ r )( 1 ~ r )' u u 0,a:- 

A more general choice is to take = <&+([/+)<l?_(t/_), then 

/i = ^V(t/ + )^-(t/-) + Mtf+)*-(0-)), 



25 



and, if we assume <£>'_ 7^ 0, the hodograph system (|58[) reads 

(3_ r )(2_ r ), $' + ([/ + )d>_(/7_ 



(1 - r)l7+ + — )t 2 + (2 - r)(l - r)U+h + x 



^-((3 - r)(2 - r)C/+t2 + (2 - r)ti) = - . 

Picking, for example, <£_ = U 27 " , = A + we have for u\ = U^/A 

1 r2 1/ r(yl + SC/ + ) 



(59) 



«= (i 



4V(2-r)ii + (3-r)(2-r)i 2 f7 4 
and no = f/+ is implicitly determined by 

(3_ r )(2- r )(l- r ) ^ + (2 _ r)(1 _ r)t ^ + + x = | (4ni)r _ (3 _ r)(2 _ 

4.5 Reductions for the r-dDym hierarchy 

Here we tackle the reduction (|27|) with Ri as in ()3U|) for the r-dDym hierarchy. Let us introduce 
s< € 5< satisfying 

Op OUi ^— f p — 7T.Y 

Here we assume the compatibility conditions for (|6U|) 

~ d/z ^ ^ _ _ _ / 7r fe \ fi-fk 

dUj dUi ^ V 717 - TT k J 7TJ - 7Tfc 

that for the diagonal reduction /5y = piS™ are 

^ = ( - (1 - r) + AA ACh ~ hi (61) 

OUj V 7Tj — 7Tj / TTi — TTj 

We have 

Proposition 10. Let s<(p,U) G g< satisfying (|6U|) and define 



71=1 

s(p,U,x,t) := s > (p,U,t) +IL r (p)x + s<(p,U). 
Suppose that U = U(x, t) is determined by the following hodograph system 
00 8Q 

^t n ^(n l (U),U) + xn i (U)- r + n i (U)- r f i (U) = 0, i = l,...,N. (62) 

n=l 

Then, 

S{L, x, t) := s{p(L, U), U, x, t) 
is an S-function for the r-dDym hierarchy. 
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Proof. The lines of this proof are almost identical to those followed in Proposition |H] for the 
r-dmKP hierarchy. First we observe that 



N 



9S ~ a rn ^ds(p(L,u),u,x,t) 

— -u n {L,U) + ^ — 

i=l 



dUi 



N 



OS ^dS(p{L,U),U,x,t) 

i=i 



dUi 



U=U{t) 



U=U(t) 



m 

dt n 

dx 



and our result will follow if the formula 

ds(p(L,U),U,x,t) 



is satisfied. We will proceed observing that 



U=U(t) 



ds(p(L,U),U,x,t) ds ~ ds 

m = dp~ l + m 



(63) 



Let us multiply (|6ll|) by J|^ 1 (p — tti), also recall that s< is regular at p = and then take the 
limit p — > 7fj in order to get 

ds< „_ r ~ 

= 7T i Ji, 

p=1Ti 



dp 



and from 1|62|) we obtain 



We notice that 

ds(p(L,U),U,x,t) 



ds 
Op 



0. 



(64) 



p=TTi 



dUi 



n=l 



duo n {L,U) 
dUi 



+ xp(L, U) 



_ r dp(L,U) ds 



+ 



and also that 



u n {L, U) := n n (p(L, U), U) = L n+1 - r - P<(L 



: n+l—r\ 



dUi da 



doj n (L, U) 
dUi 



G 0<, 



and if r ^ 1 p(L, Uf~ r Gg<^ p(L, U) 



,dp{L,U) 
dUi 



dp dp 
finally, for r = 1, -^j = 0(p) when p -> oo V~ X -^j G 0<- 



Therefore, we can write 



ds(p(L,U),U,t) 
dUi 



and from 1)63|) we deduce that 

ds(p(L,U),U,x,t) 



dUi 



G 0< 



ds 



<9s< 



(65) 
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Following the r-dmKP case we now introduce a function E = E(p, U) G g> such that 

— (n i ,U)=7t- r fi(U), (66) 



for example we may take 

N 

" V II 

i=l j^i 



dE ^p-ryju P-^ 

dp ~^ % _f — TTj 



Let us study the following equation 

- \op / - \ op J - V ap 

For the first term in the r.h.s we see that, as follows that from (|64|) . 

A/ 



djSy + zll r + g) -rfj-ff -,\ ( , 
Qp~ =P y[[(P- 7T i)j( a 0+^lP + - 



i=l 

and hence 

N 



<9(s> + xll r + E) ~ 2 \V^~ / TT i ~ \\ 
Ri=p {a + a 1 p+---)2^Pij[ 11 (p-vr/)]Gg>, 

P 3=1 V «=i,...,7V ' 

so that 

p<( 8(g>+ g Ir + ^ )=o. 

We also deduce that 

P< ( —^Ri ) = ~^Ri, 

~ \ op / ap 

which is a direct consequence of Ri = 0(p) when p — > oo and — =■ G g<. Another relevant 

op 

formula is 

- \ Op / ^ p — 7T j 

With all these formula at hand we deduce 

iV 



OP / Op p — TTj 

.7 = 1 J 



Coming back to (|65|) we get 



ds(p(L,U),U,x,t) ds<~ ds< x ^ p^/j 



3=1 

which vanishes in virtue of (|6U|) . □ 



2N 



4.6 Hydrodynamic type systems and the r-dDym hierarchy 



Here we proceed as in ^14.31 With the use of l|12|). together with 
notation 

,dCl 



U := L 



\p=TTi 



dp 



dL 
dp 

dli 



0, and of the 



p=7Tj 



p=7Ti 



£> n := diag(Z>i n , . . . ,D Nn ), A n := 

we derive the following hydrodynamic type system 



auj' 



dU , , rry dU 



To analyze the ii-flow, we recall that 



2-rJ2-r 



and therefore 



Six = v z ~ r p 



dL 1 _ r / dL dv dL 

dt\ V dx dx dp 



that implies the following Benney moment type equations 

dv n _ 
dtx ~~ 

We now define 



2-r)v [v— h(n + lj— v n +i J, n > — 1, v_i := v. 

ax ax 



A n := p' 



dp 



Ai = (2 - r)v 2 ~ r p 



so that the corresponding Kodama-Gibbons formula for the r-dDym hierarchy is 



A n = A n (Ai), A 
If we introduce the reduction in (|BTj) we get 



l ■- 



2-r ' 



N , N 



dL 



(2 - r)v 



2 dv dL\ dllj 



E ( E ^(^« " p*) + ^at^J a 



j=l M=l 



and assuming the linear independence of j = 1, . . . ,N, we have 

dx 



N 



R i =p 2 Y,(A 1 -p) 

3=1 



i <9u 
v- 



Ji at/,- 



(67) 
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4.7 Examples of hodograph solutions of the r-dDym hierarchy 

We now ready to present here some solutions of the r-dDym system ()13|) . which implies the 
r-dDym equation (|14j) . We set t n = for n = 3, 4, . . . and recall that 

r> 2— r 2-r 

III = V P j 

Q 2 = v 3 - r p 3 - r + (3 - r)w t; 2 -V _r - 

4.7.1 1-component reduction 

We take 

p 2 

Ri = ^tttt, U = U 1 , 

From equations (|3*2")) we deduce the following equations 

vu = v, vo,u = niv, v^u = Ttfv-vi, (68) 

which are solve by 

v = e u , v = vfi(s)e s ds, v x = e~ u / vh(s) 2 e 2s ds. (69) 

In this situation s> is 

5> = ( w 3 -y- r + (3 - r)v v 2 - r p 2 - r )t 2 + (^ 2 -V -r )<l- 
Therefore, the hodograph condition (|62|) is 

(3 - r)u 2 - r (vfr 2 + (2 - r)v TTi)t 2 + ( 2 ~ r^v^h + x + f(U) = 
where / is an arbitrary function, which taking into account i|69j) leads to the following 

Proposition 11. Given arbitrary two functions 7Ti(U),f(U) and a function U{x,t\,t-2) deter- 
mined by 

(3-r) e (2 " r)c/ (e c/ # 1 (^) 2 +(2-r)vf 1 (C/) J 7Ti(s)e s ds)t 2 +(2-r)7fi(C/) e (2 " r)c/ ti+x+/(C7) = 

(70) 



then 



r =e u , v = I TTi(s)e s ds, v\ = e 17 / vfi(s) 2 e 2s ds. 



solves the r-dDym system (|13|) . 

This result is a corollary of Proposition I1U1 however we give a direct proof. 
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Proof. The imposition to v, vq and v\, as in (|68jl. to solve (|T5|l is equivalent to request U (x, ti, £2) 
to fulfill 



^tl Co \ 2-r~ 

_ = (2-r)t> TTi, 



= (3 - r)^(7f 1 (C/)^ + (2 - r)^^)^). 



But if we take x, ii and £2 derivatives in (fTflj) we get 



where 



(/'([/) + B'(U)t 2 + A!(U)tx)U x + 1 = 0, 
(/'(£/) + B'(ET)t 2 + A'^i)^! + A{U) = 0, 
(/'(£/) + B'(U)t 2 + A'(U)h)U t2 + B{U) = 0, 



,4 := (2-r)« 2 - r 7fi, 

5 := (3 - r)v 2 - r '(vfi(C/) 2 t; + (2 - r)7Ti(£/> ), 



which imply (|71|l and the desired result follows. 
Let us suppose that tt\ = e kU , then (f70|) is 

(3 - r)(3 - r + k) ^ 3 _ r+2 k)u 



1 + Jfe 



+(2-r)tie 



(2-r+fc)t/ 



If we now impose 



we have 



3 - r + 2k = n(2 - r + k) k 
(3-r)(3-r + Jfe) 



3 — r — n(2 — r) 
n- 2 



1 + fc 



i 2 a™ + (2 - r)*ia + x = 0, 

(2-r+fc)t/ 



where 

a := e 

We now explore in more detail the following three examples 



n 


k 


Hodograph equation 


u = i?(a) 


3 

-1 

-2 


-3 + 2r 

-5 + 2r 
3 

-7 + 3r 
4 


_(3~ r)r 2q3 + ^2 + (2 - r)ha + x = 
2(1 - r) 

(2 r)i ia 2 + xa (3 ;; )(4 ; r) t 2 = 
2(1 — r) 

(2 r)t ia ^ + xa 2 + Ca (3 " r)(5 " r) t 2 - 

3(1 — r) 


1 

a 1 ~ r 
3 

4 

a 1 - r 



(71) 



□ 
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where C is an arbitrary constant which appears by choosing / in an appropriate manner. The 
hodograph equations in this cases are explicitly solved, as we are dealing with cubic and a 
quadratic equations. Now, we present the corresponding solution the r-dDym equation (|14|) in 
the n = — 1 case: 



1 x 



1 x 2 (3-r)(4-r) t 2 



3 
1— r 



+ 



\ 2(2-r)ti ]j 4(2 -r) 2 tl 2(1 - r)(2 - r) i x 
for n = 3, C = 0, the corresponding solution is 

(l-r) 5 (x,ti,t 2 ) 2(2 -r^V 1 ^ 



(3-r)r£ 2 g(x,h,t 2 ) 



with 



9 ■-- 



\| 4 (1 ~ W8x + ^VsyW 



,(l-r)(2-r) d *5 
(3 - r)r t 2 



and for n = —2, C = 



'g(x,h,t 2 ) 

V = -77- r- h 



2x 2 



x 



6(2 -r)h 3(2-r)t ig (x,ti,t 2 ) 3(2 - r)t x 



4 
1-r 



with 



g ■= ( _8x 3 + 108 



(2-r) 2 (3-r)(5-r) 
3(1 - r) 



+12^3(2 - r) tl J^ 3 -^ 5 - r ^f27^- r ^-:p- r ^t a - 4,3 



3(1 - r) 



3(1 - r) 



4.7.2 2-component reduction 

For N = 2 we take the solution of (|41aj) and (|41b|) given by 



1 



Pi = ~P2 



-, 7Ti = -7T 2 



E/i - u 2 ■ 

We need to handle ()72j) which in this case reads 

d/ 2 3 - 2r 



A(U X - U 2 ) 



dU 2 dU x 2(U X - U 2 ) 



(/1-/2). 



which is equivalent to 



with 



/1 — -7777-, H 



d 2 <§> 



dUidU 2 + 2(C7i - C7 2 ) Ut/i dU 2 



dUi J * dU 2 
2r - 3 / <9<I> 5$ 



(72) 
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The method of separation of variables leads to the following solutions: 

$ = (U 1 -U 2 ) r ' 1 {AJ 1 - r (k(U 1 -U2))+BN l . r {k(Ui-U2)))(Cco S (k(U 1 +U 2 ))+Dsm(^^ 

and also 



(A + B(U X - U 2 ) 2r - 2 )(C + D(Ux + U 2 )), r + 1, 
(A + Blog(U 1 -U 2 ))(C + D(U l + U 2 )) r = l. 



From (|32|) we derive 



V=((7l-(72) ) U = o ' u l = 777 + 



16 (t/i - t/ 2 ) 2 ' 

observe that with this reduction we have v\ = 1 — . The hodograph system (1621) is 

16 v 

t> 2 ~ r (3-r) — + ___±)t 2 + ___ ti) +x + h = 0, 



16 % U-J 8 U- 

9,1, sf 1 2-r£7+\ 2-r 1 



which is equivalent to 

'* ~~ V" r t 2 + 2x + /x + f 2 = 0, 



2-r v 2 ~ r 



((3-r)U+t 2 + t 1 )+f 1 -f 2 = 0. 



4 C7_ 

When f = 0we get the solution 

16 x \ 2=F 



3-rt 2 
1 h 

3-rt 2 

1 / 3 - r i 2 \ 2=F 
Vl = 777 + 



16 V 16 x 
Finally, if we set $ = [/ 2r - 2 (,4 + BU+) so that 

/ 1 + / 2 = 2SC/!'- 2 , 

h~h = 2(2r - 2)C/! r - 3 (^ + BU+). 

and the hodograph system is 

?—^v 2 - r t 2 + 2x + 2BU 2 :- 2 = 0, 
8 

v 2 - r ((3 - r)U + t 2 + h) + 8( ^~ 2) ^ r ~ 2 (A + = 0. 

2 — r 

Observe that the first equation determines U- (or v), and introducing this information in the 
second we get U + (or Vq). 
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